l Introduction* In the category of abelian groups, various classes of groups can be characterized in terms of ascending or descending chain conditions on appropriate sets of their subgroups. For example, an abelian group G is finitely generated (cogenerated) iff the subgroups of G satisfy the ascending (respectively descending) chain condition; G has finite rank iff the pure subgroups of G satisfy the ascending (or equivalently descending) chain condition; the p-group G is reduced iff its cyclic subgroups satisfy the ascending chain condition (see [4] ). The aim of this paper is to obtain similar characterizations of locally compact abelian (LCA) topological groups. To be precise, we shall say that the set of subgroups with a property P of an LCA group G, satisfy the ascending chain condition or the maximum condition or ace provided every ascending sequence of subgroups with property P is stationary after a finite number of steps. There is a similar definition for the descending chain condition or the minimum condition or dec.
Throughout, all groups are assumed to be LCA Hausdorff topological groups. We shall mention the circle group T, the real numbers R, the integers Z, the rationale Q, the quasicyclic groups Z(P°°)> the p-adic integers J p and the p-adic numbers F 9 . G denotes the dual groups of G. For any LCA group G, T(G) 
, D(G), B{G), S(G)
and G o denote the maximal torsion subgroup of G, the maximal divisible subgroup of G, the subgroup of compact elements of G, the socle of G and the component of the neutral element of G respectively. A continuous homomorphism / with domain G is pro- (G) . "~" denotes topological isomorphism. For other notation and terminology, we follow [4] and [5] , 2* Open and compact subgroups* In this section, we study ace and dec on open subgroups and compact subgroups of LCA groups. Proof. Assume (i) and let A x ^ A 2 ^ A 3 -be an ascending chain of open subgroups of G. Let f:G -> GjA x be the natural homomorphism onto the discrete group G/A x . Let G be generated by an open set U such that U is compact. Then G/A 1 is generated by the finite set/(£/"), so that it satisfies ace on its subgroups. It follows that the given chain of subgroups is also stationary after a finite number of steps, so that (i) => (ii). Next assume (ii) and let H be an open compactly generated subgroup of G [5, 5.14] , generated by a compact subset B. (ii) implies that G/H is finitely generated. Let A be a finite set in G such that the image of A in G/H generates it. Then A U B is a compact set generating G, so (ii) ==» (i).
(ii) <=> (iv) is a consequence of duality. Finally, (i) <=> (iii) because the class of compactly generated LCA groups is dual to the class of LCA groups without small subgroups [6, Corollary 1, Theorem 2.5] . This completes the proof. THEOREM 2.2. The following are equivalent for an LCA group G: [4] , the open subgroups of G satisfy dec. Thus (ii) ==> (i), which completes the proof.
In the next proposition, we show that ace on all compact subgroups of G is equivalent to ace only on those closed subgroups every one of whose elements is compact. PROPOSITION 
The following conditions on an LCA group G are equivalent:
( i ) The compact subgroups of G satisfy ace.
(ii) The closed subgroups of G with only compact elements satisfy ace.
Proof. That (ii) implies (i) is obvious. We assume (i), which implies that every closed subgroup with only compact elements is actually compact, so that (i) implies (ii).
Next, we characterize those LCA groups whose closed subgroups with only compact elements satisfy dec. PROPOSITION [4, Corollary 27.6] . This proves (ii). Next, assume (ii). Let H be any closed subgroup with only compact elements. Then H is isomorphic to a closed subgroup of a group of the form T m x F, whence the result follows from 2. where L is discrete and torsion-free, M is a finite group and N is the product of finitely many p-adic integer groups. Since a discrete group is σ-compact iff it is countable, condition (iii) implies that n must be zero. Also a little reflection shows that L is free of finite rank. Hence, G is the direct sum of a discrete finitely generated group, and a product of finitely many p-adic integer groups. This proves (i) [ Proof, (i) implies (ii) is obvious. We shall prove that (ii) implies (i). Since the discrete subgroups of R n do not satisfy dec, G o is compact. Also (ii) implies that every torsion homomorphic image of the discrete torsion-free group L = (Gr o )~ is finite. Let H be the subgroup of L generated by a maximal independent set. Then L/H is finite, say of order n, and nL £ H. Hence, nL is free abelian. But L ~ nL, so L is also a free abelian group. If L were of infinite rank, L/mL(m > 1) would be an infinite torsion group. Hence, L is a free abelian group of finite rank, so that L ~ T n for some nonnegative integer n. Then G ~ T n x M, where M is totally disconnected [5, 25.31] . Let K be a compact, open subgroup of M. By (ii) and Theorem 2.1, K is discrete and, therefore, M is discrete and finitely cogenerated. By Proposition 2.2, the closed subgroups
where m, n are nonnegative integers and D is discrete. By (iii), n = 0 and D is a discrete torsion group. Let P be the elementary subgroup of D. By (iii), the countable subgroups of P satisfy dec. Hence, P has only a finite number of distinct p-components, each of which is finite. As an essential extension of a finite group, D must be finitely cogenerated [4, 25.1] . This proves (i), and the proof of the theorem is complete. 4* Discrete subgroups* Compactly cogenerated LCA groups were defined and studied by D.L. Armacost in [1] . We showed in Theorem 2.1 that compactly generated LCA groups are characterized by ace on their open subgroups. In Theorem 4.1 below, we shall show that compactly cogenerated LCA groups are characterized by dee on their discrete subgroups. [4, 25.1] , Next, assume (ii). We shall prove that every element of G is compact and S(G) is compact. This will establish that G is compactly cogenerated [1, Theorem 3.1] . The first assertion is obvious; G cannot have a discrete, infinite cyclic subgroup. We show now that S(G) is compact.
is compact, and the proof is complete.
We show next that it is the discrete subgroups of an LCA group which determine whether it is compactly cogenerated or not. (ii) // every proper discrete subgroup of G is finitely cogenerated then G is compactly cogenerated.
It was pointed out in [1] that the quotient of a compactly cogenerated group by a closed subgroup need not be compactly cogenerated. We show below that the quotients by discrete subgroups behave nicely. COROLLARY 
Let G be compactly cogenerated and let H be a discrete subgroup. Then G/H is compactly cogenerated.
Proof Let L/H be a discrete subgroup of G/H. Then H is an open subgroup of the LCA group L. Since H is discrete, L is also discrete. Hence, L is finitely cogenerated and consequently L/H is finitely cogenerated. Corollary 4.1 completes the proof.
Before passing on to the maximum condition on discrete subgroups, we use Theorem 4.1 to investigate the minimum condition on closed, metrizable subgroups of LCA groups. PROPOSITION 
The closed metrizable subgroups of an LCA group G satisfy dec iff the closed subgroups of G satisfy dec.
Proof. We assume the minimum condition on closed metrizable subgroups. Since discrete subgroups are metrizable, G is compactly cogenerated. In particular, every element of G is compact and G c is compact. By dec on metrizable subgroups of G o , it follows that every countable homomorphic image of the discrete, torsion-free
is a countably infinite torsion group [5, 16.13(c)] . But this would imply that L/K is a finitely generated infinite torsion group. Hence, every torsion homomorphic image of L is finite. It then follows, as in the proof of Theorem 3.2, that L is a discrete free group of finite rank. Hence, L ~ T n for some nonnegative integer n. Then G ~ T n x M, where M is totally disconnected. By the minimum condition and [5, 25.16] , every compact, monothetic subgroup of M is finite. Hence, Mis a torsion group. By [1, 6.1] , M is the topological direct sum of finitely many p-groups each having compact socle. Let S p denote the compact socle of the ^-component of M. Since S p is the compact product of groups Z p , the minimum condition implies that S p is finite. Hence, each p-component of M is discrete and finitely cogenerated. We conclude from Theorem 2.1 of [1] that the closed subgroups of G satisfy dec. Hence, M itself is discrete and finitely cogenerated. As the converse is obvious, the proof is complete.
Next we investigate the maximum condition on discrete subgroups. We first prove a lemma. LEMMA 
Let G be an LCA group such that T(G) is closed. Then G o is a topological direct summand of G and G ~ R m xMxN, where M is compact, connected, torsion-free group, and N is a totally disconnected group such that T(N) is closed.
Proof. We can assume, without loss of generality, that G has a compact, open subgroup H, and G o is compact. Let H Π T(G) = F. Then by [5, Theorem 25.9] , F is a compact, torsion group of bounded order. Also G Q Π T(G) is a divisible group of bounded order, so it must be trivial. Since H/(G 0 + F) is compact and torsion-free, duality shows that G Q + F is a topological direct summand of H. Hence, by [5, 6.12] Proof. Assume the maximum condition on closed metrizable subgroups. Since discrete subgroups are metrizable and the closed (metrizable) subgroups of Q do not satisfy ace, G is a totally disconnected group such that Γ(G) is finite and every JS(G)-high subgroup of G is a discrete free subgroup of fixed finite rank [Theorem 4.2] , Let H lf H 2 be (compact metrizable) monothetic subgroups of B{G). It is easy to show that H λ + H 2 is also a compact, metric group. By ace, it follows that B(G) is compact. With the aid of duality, one shows easily that B{G) = T(G) x M, where M is a product of finitely many p-adic integer groups. Also, B{G) is a pure, compact, open subgroup of G, so that G = T(G) x M x N, where N is a discrete, free subgroup of finite rank. Hence, the closed subgroups of G satisfy ace. As the converse is obvious, the proof is complete. 5* Nonclosed subgroups and proper dense subgroups* In this section, we study ace and dec on nonclosed subgroups, and proper, dense subgroups of LCA groups. We would like to point out that there is an interesting discussion of LCA groups without proper, dense subgroups in [7] , First, we prove a number of lemmas. Proof. Since G is not totally disconnected, G contains a copy of Z. Hence, there is a closed subgroup H of G such that GjH~ T. The assertion about proper, dense subgroups is now obvious. LEMMA 
Let G be a nondiscrete, totally disconnected, divisible LCA group such that B{G) has an element of infinite order. Then the proper, dense subgroups of G satisfy neither ace nor dec.

Proof. Since G is divisible and G/B(G) is torsion-free, B(G) is also divisible. Since B{G) is also open, we have G=B(G)xK, where
K is a discrete, divisible, torsion-free group. We shall show that B(G) satisfies neither ace nor dec on proper, dense subgroups. Since B(G) is not a torsion group, it contains a copy of Q as an abstract group. By [3], Q is divisible. Since Q is uncountable and Q is dense in it, there exists a strictly ascending (descending) sequence of proper subgroups AJβl) of Q such that each A t (B t ) is dense in Q. Since Q is divisible, there is a subgroup N of B(G) such that B(G) = Q + N and Q Π N is trivial. As A~T~ΛΓ2 A, + N = B(G) and Bi + N 2 Bi + N = J5(G), it is clear that the groups Λ + JV (respectively Bi + JV) provide a strictly ascending (deseending) sequence of proper, dense subgroups of G. REMARKS 5.1. Under the hypothesis of Lemma 5.3, there is a subgroup L of G such that L is dense in G, L contains a copy of Q and G/L is uncountable. In fact, such a group is L = Q + N+K, in the notation of the proof of Lemma 5.3. LEMMA 
Let G be a nondiscrete, totally disconnected LCA group such that B(G) has an element of infinite order. Then the proper, dense subgroups of G eatisfy neither ace nor dec.
Proof. Let G* be a minimal divisible extention of G, topologized so that G is an open subgroup. Then G* will satisfy the hypotheses of Lemma 5.3. Let L be a dense subgroup of G* such that G*/L is uncountable [see Remark 5.1] . Then G Π L is a proper, dense subgroup of G and G*/L = (G + L)/L w G/G nL is uncountable. Since the proper subgroups of G/G Π L satisfy neither ace nor dec, the same is true of dense, proper subgroups of G containing G f] L. This completes the proof. LEMMA 
Let G be a totally disconnected LCA group such that B(G) -T(G), and let H be a compact, open subgroup (necessarily of bounded order) of G such that nH = 0. Then every dense subgroup of G contains nG.
Proof. Let K be a dense subgroup of G and let ng e nG. Since (g + H) Π K is not empty, there is an element g + h in K, where heH.
As n(g + h) = ng + nh = ng, we see that ng e K. LEMMA 
Let G be a totally disconnected, divisible LCA group such that B(G) = T(G). Then G contains no proper, dense subgroup.
Proof. Let H be a compact, open subgroup satisfying nH = 0. Since nG = G, Lemma 5.5 completes the proof.
Next, we establish a necessary and sufficient condition in order that an LCA group may contain no proper, dense subgroup. PROPOSITION 
Let G be a nondiscrete LCA group. Then G has no proper, dense subgroup iff (a) G is totally disconnected. (b) B(G) = T(G). (c) For every prime p, pG is an open subgroup of G.
Proof. Assume G satisfies (a), (b) and (c 
Proof, (a) and (b) of Proposition 5.1 imply that B(G) is open, and hence, T(G) is open. Conversely, T(G) is open implies that G is totally disconnected and T(G) = B(G).
COROLLARY 5.2. // a nondiscrete LCA group G has no proper, dense subgroup, then G is compactly cogenerated and every continuous character of G is proper.
Proof. Assume G has no proper, dense subgroup. We shall prove first that G is compactly cogenerated. Since G is totally disconnected [Proposition 5.1] In the remainder of this section, we shall prove our results on ace and dec on nonclosed and proper, dense subgroups. THEOREM 5.1. Let G be a nondiscrete LCA group. Then the nonclosed subgroups of G satisfy neither ace nor dec.
Proof. If G is not totally disconnected, the assertion follows from Lemma 5.2. If G is totally disconnected, G has a compact, open subgroup and Lemma 5.1 completes the proof. THEOREM 
Let G be a nondiscrete LCA group such that either G is not totally disconnected or G is totally disconnected and B(G) has an element of infinite order, then the proper, dense subgroups of G satisfy neither ace nor dec.
Proof. If G is not totally disconnected, the assertion is a consequence of Lemma 5.2. If G is totally disconnected and B(G) has an element of infinite order, Lemma 5.3 completes the proof.
The last theorem says nothing about those totally disconnected LCA groups for which T (G) = B(G) . In fact, we have not succeeded in obtaining a satisfactory answer in this case. However, the next proposition deals with this case under some additional hypotheses. PROPOSITION 
Let G be a nondiscrete, totally disconnected LCA group such that T(G) = B(G). (a) // pG is open for every prime p, then the proper, dense subgroups of G satisfy both ace and dec (vacuously).
(b) // condition (a) given above is not satisfied, but pG = G for every prime p, then the dense, proper subgroups of G satisfy ace (dec) iff G/D(G) is finitely generated (finite).
Proof, (a) follows from Proposition 5.1. For (b), we first observe that G is not divisible, but since G is torsion-free, G contains a dense, divisible subgroup [8] . 6* Divisible subgroups* In order to study LCA groups whose divisible subgroups satisfy ace or dec, we prove two lemmas. Proof. Since R n is finite-dimensional and its closed divisible subgroups satisfy ace and dec, we suppose G is compact. Then G is discrete and torsion-free. Since the pure subgroups of G satisfy ace (or dec) iff G is of finite rank, and dimension G = rank of G [5, 24.8] , the assertion about G follows. LEMMA Following [1] , we say that an LCA group is indecomposable iff it cannot be written as the topological direct sum of two of its proper closed subgroups; otherwise it is decomposable. Then an indecomposable divisible LCA group is either compact connected, or is topologically isomorphic to either R or Q or Z(p°°) or the p-adic number group F p [1, Theorem 6.1] . We shall say that a divisible LCA group is finitely decomposable if it can be written as the direct sum of finitely many indecomposable divisible LCA groups so that each compact connected summand is finite-dimensional. We also recall that an LCA group is torsion-free iff its dual group is densely divisible i.e., contains a dense, divisible subgroup [8, 5.2] .
Following these observations, we next prove a number of lemmas to arrive at the main results. Proof. We first note that G is <7-compact. Let if be a divisible subgroup of G and n & natural number. Then G{n), the closed subgroup of those elements of G whose order divides n, is a fully invariant subgroup of G.
where C is the compact, connected summand of G and P is a finite direct sum of quasicyclic groups [4, Lemma 9.3 and 5, Theorem 6 .12], Clearly, G(n) is compact. As G is tf-compact and divisible, multiplication by n is an open, continuous epimorphism of G [5, 5.29] . Hence, nH = n(H + G{n)) is a closed subgroup of G. But nH £ nH, so H = nH £ nH. Hence, nH = H, and H is divisible. COROLLARY 6.1. Let G be a finitely decomposable, divisible LCA group. Then a closed subgroup of G is divisible iff its anni* hilator is a pure subgroup of G.
Proof. As G is torsion-free, the result follows by the last lemma and [8, 5.2] a discrete copy of Q, which is impossible. Theorem 6.12 of [5] then completes the proof of the claim. This reduces the problem to ace and dec on closed, divisible subgroups of R n and M respectively. For R n , it is obvious. For M, we observe that M and its closed, divisible subgroups are minimal divisible extensions of finite products of p-adic integer groups [5, 25.32] , which satisfy ace on their closed subgroups. This implies ace on closed, divisible subgroups of M. As M is self-dual [5, 25.34] , this in its turn implies dec on closed, divisible subgroups of ikf. Proof. In view of Corollary 6.1, it is enough to prove that the closed pure subgroups of a group of the form G -R n xLxMx N x P, satisfy both ace and dec, where L is a discrete torsion-free group of finite rank, M and N are finite products of p-adic number groups and p-adic integer groups respectively, and P is product of finitely many copies of Q. Let H t (i = 1, 2, 3, •) denote an ascending (or descending) chain of closed, pure subgroups of G. Then HiΓ) (N x P) is a pure, closed subgroup of N x P for each i. Also [4, p. 38 and 5, 6 .12]. Since our groups are all torsion-free, it is clear that Hi + (N x P) is a closed, pure subgroup of G for each i.
By duality and Corollary 6.1, it is obvious that the closed pure subgroups of N x P satisfy both ace and dec. Also by the decomposition of Hi + (JV x P) given above and Lemma 6.5, the groups Hi + (N x P) are stationary after some value of i, whether the chain is ascending or descending. We can assume, without loss of generality, that H n f) (N x P) = H m Γ)(N x P) and H n + (N x P) = H m + (N x P) whenever n ^ m, whether the chain is ascending or descending. Then, for every n^ m, (N x P) ) by the modular law, -H m + (if m n (isr x P)) in the ascending case. In the descending case, we get the same conclusion by interchanging m and n. This completes the proof.
We now come to the main results of this section. PROPOSITION Proof. Assume (i) or (ii) and suppose (iii) is false. Then G = G 1 x G 2 , where at least one summand is not finitely decomposable. Proceeding in this way, it is easy to see that we get both a strictly increasing and a strictly decreasing sequence of closed divisible subgroups of G. Hence, (i) implies (iii) and (ii) implies (iii). That (iii) implies (i) and (ii) follows from Lemma 6.6. Proof. Assume (iv). Using Proposition 6.1 and Lemma 6.3, it is clear that (iv) implies (i), (ii) and (iii). Next we assume (i). By Lemma 6.2, D(G) is closed. An application of Proposition 6.1 then proves (iv). Clearly (ii) implies (i). Hence, (ii) implies (iv). Finally, assume (iii). We shall prove our assertion (iv). For simplicity of notation, we suppose D(G) is dense in G. Then G is torsion-free and (G)o splits out [5, 25.30] . By (iii) and duality, G~R n χLxM, where L is direct sum of finitely many copies of discrete group Q, and M is densely divisible with every element compact. We shall prove M is divisible. Now M is a torsion-free, totally disconnected LCA group, and its closed pure subgroups satisfy ace. Let N be a minimal divisible extension of M topologized in the usual manner so that M is an open subgroup. Let A ί9 A 2 be closed divisible subgroups of N such that A 1 is a proper subgroup of A*. Then A 1 Π M, A 2 Π M are closed pure subgroups of M. Also A t ΓΊ M is a proper subgroup of A 2 (Ί M. Hence, every properly ascending sequence of closed divisible subgroups of N provides a properly ascending sequence of closed pure subgroups of M. Hence, by Prosition 6.1, N is a finitely decomposable, divisible, totally disconnected torsionfree group i.e., N is the direct product of finitely many copies of Q and finitely many p-adic number groups. Then N is divisible. Since M is a homomorphic image of N, M is divisible. Hence, G is divisible and finitely decomposable. This completes the proof. Proof. We note that G is densely divisible, and a closed subgroup of G is pure iff its annihilator in G is densely divisible. The result then follows by Theorem 6.1 and duality.
Missing from the list in Theorem 6.1 is dec on closed divisible subgroups. The following example shows that dec on closed divisible subgroups is not equivalent to any condition in Theorem 6.1. Let G be the local direct product of a countably infinite number of copies of group F p , for a fixed prime p, relative to the subgroups J p . Then G is a densely divisible but not divisible, self-dual LCA group [5, 25.34] , but the closed divisible subgroups of G satisfy dec. This example is typical of the general situation. Finally, I would like to thank the referee for his several very useful suggestions.
